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Abstract. Let Hy = —A + V{x) be a Schrodinger operator defined on an un- 

Ch I bounded domain fJ C K'' with Dirichlet boundary conditions on 951 (when 57 = E*^ 
^ ■ there is no boundary condition, of course). Let u{x,E) be a solution of the 
, o- --1 v-Jy -/-v-~>-/ -. .. 
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Schrodinger equation {Hy — E)u{x, E) = 0, and let Br denote a ball of radius 
R centered at zero. We show relations between the rate of growth of the L/^ norm 
\u(x^ £')||L2(s^nsi) of such solutions, as i? — > oo, and continuity properties of spec- 
Ph ■ tral measures of the operator Hy . These results naturally lead to new criteria for 

^^ \ the identification of various spectral properties. We also prove new fundamental 

(~| ■ relations between the rate of growth of L^ norms of generalized eigenfunctions, 

"ti \ dimensional properties of spectral measures, and dynamical properties of the cor- 

responding quantum systems. We apply these results to study transport properties 
of some particular Schrodinger operators. 



1. Introduction and main results 
(N 

\^ • In this paper we investigate the relations between the rate of decay of solutions of 

O . Schrodinger equations, continuity properties of spectral measures of the correspond- 

ing operators, and dynamical properties of the corresponding quantum systems. The 
first main result of this paper shows that, in great generality, certain upper bounds 
on the rate of growth of L?' norms of generalized eigenfunctions over expanding balls 
imply certain minimal singularity of the spectral measures. Consider an operator Hy 
defined by the differential expression 



0^ 



c^ 



X 



H^ = -A + V{x) 

on some connected infinite domain Q with a smooth boundary and with Dirichlet 
boundary conditions on dQ. The case of il = R'' is not excluded; no boundary 
conditions are needed in this case. To every vector G L^(f2) we associate a spectral 
measure /i*^ in the usual way (namely, /i*^ is the unique Borel measure on M obeying 
f f{E) dfi'^{E) = {f{Hy)(f),(j)) for any Borel function /). For any measure /x, we 
define the upper a-derivative D'^^{E) in the standard way: 

na I J,. r fi{E-6,E + 6) 

D'^fxiE) = hmsup . 

5^0 0" 
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We denote by Bn the ball of radius R centered at the origin, and use the notation 
||/||b^ for the L^ norm of the function / restricted to Br. We denote by PF^ the 
usual Sobolev spaces of functions / such that Z)'/ exists in the distributional sense 
and /(l^r + \D^u\"')dx < oo. We say that f{x) e Wi.ioc(^) if f{x) G W^(fi n Br) 
for every R < oo. One of the main theorems that we prove here is the following: 

Theorem 1.1. Assume that the potential V{x) belongs to L^^ and is bounded from 
below, and Q is a domain with piecewise smooth boundary. Suppose that there exists 
a distributional solution u{x, E) of the generalized eigenf unction equation 

(1) {H^-E)u{x,E) = Q 

satisfying the boundary conditions and such that for some a, < a < 1, we have 

(2) liminfi?-" / \u{x,E)\^ dx < oo. 

R-^oo J 

Fix some compactly supported (p{x) G L'^{Q) such that 

>{x)u{x, E) dx 7^ 0. 

Then we have 

D'^fi^iE) > 0. 

Remarks. 1. Notice that under our assumptions on the potential, we have u & W,^ 



2 
2,loc 



by standard results on Sobolev estimates for elliptic operators (see, e.g., ^^), and 
the boundary values for u are well-defined. 

2. We chose not to formulate this Theorem for more general classes of potentials, 
domains, and boundary conditions in order to be able to give a transparent proof. 
Certainly, we can extend this theorem to wider classes of potentials and boundary 
conditions. The nature of the limitations will be clear from the proof and Stark 
operators example in Appendix 2. For instance, when Q = M.'^, we only ask that the 
negative part of the potential, V_, belongs to the Kato class 7^°' (see, e.g., P, ^ for 
the definition of Kato classes). 

3. If we replace "< oo" in (D by "= 0", we obtain that D"/i<^(E) = oo. 

Theorem 1.1 provides information on the pointwise behavior of spectral measures 
from rather simple and natural assumptions about the behavior of generalized eigen- 
functions. From this theorem follow new criteria for the existence of absolutely contin- 
uous spectrum or singular continuous spectrum of given dimensional characteristics 
(see Section 2, and, in particular. Theorem 2.5 for more details). This contrasts the 
well-known result (see p, ^ |3^) that existence of a polynomially bounded (but not 
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L^) solution of (1) implies that the energy E belongs to the essential spectrum of Hy, 
but gives no further information on the structure of the essential spectrum. To the 
best of our knowledge, Theorem 1.1 is the first rigorous result providing a relation 
between the behavior of solutions and pointwise properties of the spectral measures 
for multidimensional Schrodinger operators. 

A result analogous to Theorem 1.1 also holds for discrete Schrodinger operators 
defined on some fi C Z*^ by 

{h^u){n) = y, u{'m) + v{n)u{n) . 

rrt— n|=l,m6f2 

We discuss this extension in Section 3. In Appendix 1, we also indicate that results 
similar to Theorem 1.1 hold for more general elliptic and higher order operators. 

The motivation for seeking relations between the pointwise in energy behavior 
of solutions and properties of spectral measures comes from the fact that in many 
problems the solutions are among the objects we can hope to investigate. When 
we are interested in the fine structure of the spectrum of Schrodinger operators for 
which the methods of scattering theory are not applicable, there are very limited 
tools in higher dimensions which may be effectively used for spectral analysis. On 
the other hand, for one-dimensional Schrodinger operators the subordinacy theory 



created by Gilbert and Pearson [H, 15] and further extended by Jitomirskaya and 
Last [0, |2y, |21| provides a powerful method for spectral analysis. The main results of 
the above mentioned papers give a necessary and sufficient link between the behavior 
of solutions and the singularity of the spectral measure. Subordinacy theory played 
an important role in many recent results in one-dimensional spectral theory 0, ^, |T^, 

mmmmmmm. 



In this paper, we derive only a sufficient-type relation between the solutions and 
the spectrum, but in much greater generality. However, in contrast to subordinacy 
theory, which requires comparison of different solutions, we need information about 
only one solution — the one obeying the appropriate boundary conditions. We remark 
that for one-dimensional Schrodinger operators, the result of Theorem 1.1 can be 
derived from subordinacy theory |]20| , |2l . 



Our second major result in this paper establishes a fundamental relation between 
spectral properties, generalized eigenfunctions and quantum dynamics, and in par- 
ticular, provides new bounds for the transport properties of quantum systems. We 
study the behavior of the time-averaged moments of the position operator X under 
the Schrodinger evolution. Pick some initial state tp and consider 



{{\Xn)T = ^ I \{\XreM-^Hl^t)i;,eM-^H\^m\dt. 
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Recall that a measure /i is called a-continuous if it gives zero weight to any set of 
zero a-dimensional Hausdorff measure (we recall the definition of these measures in 
Section 2). Let us denote by Pac the spectral projector on the a— continuous spectral 
subspace, the set of all vectors C, such that /i^ is a-continuous (see ||5^). In particular, 



ii fi^ has an a-continuous component (i.e., Paci^ 7^ 0), then the following lower bound 
holds [g ig O, 0: 

(here d is the space dimension and Cm is a constant depending on /x'^ and m). 

Recall that for a wide class of Schrodinger operators, one has a generalized eigen- 
function expansion theorem (see, e.g., P, |29|, ^). In particular, for every ip there 
is a unique unitary map U^ from the cyclic subspace 7i^, generated by the vector ip 
and the operator Hy, to L'^{M.,dfi^{E)). This map sends ip to a. function equal to 
1 everywhere and realizes a unitary equivalence U^Hv\n^Ul = E, where E stands 
for the operator of multiplication by E. The operator U^ is an integral operator with 
kernel u{x, E), where the u{x, -E)'s, for each fixed E, solve (|l|) and are called general- 
ized eigenfunctions. We will say that the u{x, E)^s correspond to ip if they constitute 
the kernel of the unitary map U^ described above. Note that they are only defined 
a.e. w.r.t. //^. We prove the following theorem, which holds in both the discrete and 
continuous settings: 

Theorem 1.2. Let ip be a vector for which there exists a Borel set S" C M of positive 
/i^ measure, such that the restriction of fi^ to S is a-continuous and, in addition, 
the generalized eigenfunctions u{x, E) for all E E S satisfy 

(3) limsup -R^'^||'u(x, i?)||| < 00 

for some 7 such that < 7 < rf. Then, for any ni > 0, there exists a constant Cm 
such that 

(4) ((|Xr))T>C™TT 
for allT> 0. 

Remarks. 1. Theorem 1.2 is somewhat related to (although it does not coincide with) 
some recent heuristic results by Ketzmerick et. al. p3| . 

2. It may be seen from Theorem 1.1 that we cannot have 7 < a, since it would 
follow that the upper 7-derivative of the spectral measure is positive on too large a set 
(see Corollary 2.6). The physical reason is that when V is bounded from below, the 
velocity is bounded, and the propagation rate is at most ballistic. However, the range 
of applicability of Theorem 1.2 is wider than that of Theorem 1.1. In particular, it 
is applicable to operators with strongly negative potentials, such as Stark operators, 
which exhibit faster-than-ballistic transport. See Appendix 2. 
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The somewhat striking aspect of Theorem 1.2 is that for a fixed non-zero spectral 
dimension, faster decay of u{x, E) leads to faster transport. Theorem 1.2 shows that 
the behavior of the generalized eigenfunctions plays an important role in determining 
dynamical properties of quantum systems. We apply Theorem 1.2 to investigate the 
dynamics in the random decaying potentials model studied in |2^. When weakly 
coupled, these systems have (almost surely) some singular continuous spectrum with 
local dimensions that depend on the energy, but we show that the dynamical spread- 
ing of wavepackets, for any energy region where the spectrum is continuous, is almost 
ballistic with probability one. More precisely, we show that for almost every realiza- 
tion, we have for every e > a bound of the form 

The paper is organized as follows. In Section 2 we prove Theorem 1.1 and its 
corollaries, rendering new spectral criteria. In Section 3 we sketch the argument 
for similar results in the discrete setting. In Section 4 we consider some simple 
examples, in particular, showing that the result of Theorem 1.1 provides only a 
sufficient but not necessary criterion for positivity of the derivative of the spectral 
measure. It is, however, an optimal result in the sense that one cannot in general 
say more by looking only at the rate of growth of the L^ norm (Section 5). It 
remains an interesting open question to find additional properties of solutions that 
determine the spectrum (or other important characteristics of the operator, such 
as transport properties) completely. In Section 5 we study the relationship between 
solutions, spectral dimension, and quantum dynamics, in particular proving Theorem 
1.2. In the appendices, we indicate further possible generalizations for elliptic and 
higher order operators and consider dynamics for strongly perturbed one- dimensional 
Stark operators. The example of Stark operators provides another illustration of the 
relationship between the behavior of solutions and transport properties. 

2. Solutions and spectrum: Continuous case 

We begin the proof of Theorem 1.1 with the following simple observation: 

Lemma 2.1 Let A be a self-adjoint operator acting on a Hilbert space Ti and fix a 
vector (f) eH. Let z G C \ M. Then 
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Proof. Consider the spectral representation associated with a vector (f) and perform 
a straightforward computation: 

Imz 




R 

D 

The first idea in the proof of Theorem 1.1 is to estimate from below Im{{Hy — 
E — ie)~^(j), 0) as e — > 0. Such an estimate is equivalent to an estimate on the upper 
a-derivative of the spectral measure by the following lemma: 

Lemma 2.2. Let Qf,{E) denote 

Qg(^)=limsup6/^Imf/ ^^ 

Then 

D'^fxiE) < C,Ql~^{E) < C2D''fiiE), 
where Ci, C2 are positive constants depending only on a. 



Proof. The proof is a direct computation. For details, we refer to [|ri|, Lemmas 3.2 
and 3.3. D 

To derive an estimate on the imaginary part of the Borel transform, we will use 
Lemma 2.1, namely estimates from below on the norm of the function 

e{x, E + ie) = {H^~E~ ie)-^(j){x) 

over balls of radius of order ^ as e goes to zero over some properly chosen sequence. 
The last technical lemmas that we need for the proof concern estimation of the W2 
norms of u{x, E) and 6{x, z) in terms of their L^ norms. 

Lemma 2.3. Let Vt <Z W^ he a domain with piecewise smooth boundary. Suppose 
that the potential V belongs to L^^ and is bounded from below, and let Hy denote an 
operator with Dirichlet boundary conditions on dQ. Suppose that the function g{x, z) 
satisfies Dirichlet boundary conditions and 

{Hy -z)g{x,z) =(f){x), 

where G L^(f2) is compactly supported and real-valued, and z is in general complex. 
Then 

(5) WgWw^iBnnn) < C{z, V-) {\\g\\LHBR+^nn) + \\<P\\L\n)) ■ 

The constant in (^ depends only on the lower bound on V and on z, and may be 
chosen uniformly for z in any compact set. 
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Proof. The proof is standard and we provide it for the sake of completeness. See, 
for example, p, ^] for detailed exposition of similar results and further references. 
Throughout the proof, we assume that the function g is sufficiently smooth to justify 
integration by parts (local W2 is sufficient). Clearly this is the case under our assump- 
tions on V (see, e.g., |T^). To prove the bound (^ with the constant independent of 
R, let 

g{x,z) = g^{x,z) +ig2{x,z), 

where gi, g^ are real-valued. For any ip G C°°(f2) such that 1 > ip{x) > 0, iplx) = 1 
when X G Bji fl Q, ip{x) = when x ^ -B/j+i H Q, we have 

j {Vgifdx < j i,{Vgifdx= j ^^g,da- 
BRnn Br+iDQ d{Qr\BR+i) 

(6) - / (V^)(V^i)(/idx- / ijgiAgidx, 



where da is the surface measure on d{Q fl -B_r+i) induced from W^. The first term 
vanishes because gi vanishes on dQ and ip vanishes on {dBn) fl Vt. Furthermore, by 
Green's formula 

(7) 2 j {Vi^)(ygi)g,dx= j ^{g^f da - j A^Pig^f dx. 
Br+iCiQ d(BR+inn) Br+iCiQ 

The boundary term in this equality is also equal to zero. Substituting (|^) into (^, 
we find 

j {"^gifdx < \ j ^i^igifdx 

Brhq BR+inn 

+ / i!gi{{Rez-V)gi + (j)-{lmz)g2) dx. 

Br+iDU 

Therefore, 

IMwiiBR) < C^ (\mh + (2(1 + \z\) + ||^-||L-)||^i||i2(B,^,) + luizWg^Wl^BR^^^ ■ 

A similar estimate holds for (72- Combining these two estimates, we obtain the result 
of the lemma. D 

Remarks. 1. We have not tried to determine the most general classes of potentials 
and boundary conditions for which the lemma holds. With slightly more technical 
effort, we can treat some other boundary conditions, such as Neumann, for instance. 
2. For the case of the whole space, the lemma is true under the assumption 
that V- G K'^, the Kato class, which allows singularities in the negative part of the 
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potential (see |39[ for the definition and properties of potentials from these classes). 
This result follows from the technique developed in [^, ^, which uses Brownian 
motion to derive subsolution estimates implying bounds like in Lemma 2.3. Although 



33 consider only real z (and homogeneous equation), it is not hard to see that 



their arguments extend to give results like (^). 

We now introduce an important object in our consideration. Suppose 5" is a domain 
with piecewise smooth boundary and /, g belong to W^x^S^S^. We denote by WQs\f-, 9\ 
the following expression 

(8) W,s{f.9\ = Jim^it) - ^{t)9{t))da{t), 

as 
where a is the surface measure induced from W^ and S- is the derivative in the outer 

an 

normal direction. The definition makes sense for W210C functions by Sobolev trace 
theorems (see, e.g., |]13|)- The notation W stresses the fact that in one dimension, 
the corresponding expression is related to the Wronskian of two functions (precisely, 
it is the difference of the Wronskians taken at the endpoints of the interval S). We 
will abuse verbal notation and call the expression (^ the Wronskian of / and g over 
dS for the rest of this paper. The final lemma we need is 

Lemma 2.4. Suppose that two functions /, g are locally W2 and satisfy Dirichlet 
boundary condition on dQ. Then for every R 

R 

\We{Brnn)[f,9]\dr < \\f\\wi{BRnn)\\9\\wiiBnnn)- 



It 

I 



Proof. We have WgfinBR [/' 9] = ^ since / and g satisfy the boundary conditions. Next 
note that 

R 

\WQB^nn)[f,9]\dr< J {\f\\Vg\ + \Vf\\g\) dx < \\f\\w,iiBnnn)\\9\\wUBnnuy 
BRfin 

We used the Cauchy-Schwartz inequality in the last step. D 

Now we are ready to prove Theorem 1.1. 

Proof. An interplay of the scales in space and in the spectral parameter plays an 
important role in the analysis. Let us assume that 



/ (f){x)u{x, E) dx = c j^ 0. 



n 



SOLUTIONS, SPECTRUM, AND DYNAMICS FOR SCHRODINGER OPERATORS 9 

Take sufficiently large Rq, such that supp0 C -Bro- By Green's formula we have 

E / e{x,E + ie)u{x,E)dx = WQ(^BRgnn)[0,u]+ / Hye{x,E + ie)u{x,E) dx = 



BRgHQ. 



BRgfin 



Ws{Biignn)[6,u] + {E + ie) / 6{x,E + ie)u{x,E) dx + / (j){x)u{x,E) dx. 



BR^nn 



BR^nn 



In the above computation we used the definition of 6{x, z) and the fact that the 
function u satisfies {Hy — E)u = 0. Hence, we obtain 



(9) 



W; 



d(BR^nn) 



[6,u] = —c — ie / 9{x, E + ie)u{x, E) dx. 



BR^nn 



Let us integrate equation (P) from Rq to some larger value of R : 



R 



R 



f\W9iBr)nn[9,u]\dr>\c\{R-Ro)-efdr f 9{x, E + ie)u{x, E) dx 
Ro Ro Brnn 

Using Lemmas 2.3, 2.4, we see that 

C^{\\e{x, E + ie)\\L2{BR+^nn) + \\<l)\\L'^)\\u\\L2{BR+,nQ) > 



R 



(10) 



\c\{R-Ro)-e / dr\\9{x, E + ie)\\L^^BrnQ)\\u\\L2iBrnn)- 



According to the assumption (||) of the theorem, there exists a sequence Rn ^ oo, 
such that 

(11) ||«||L2(Bfl„nn) < C'l-Rn- 

Let us set e^ = ■^, and pick R + 1 = Rn and e = e„ in formula (p!oD . We obtain 

{C + C2)(||^(x, E + ter^L^iBR^nn) + Uh^nuKiBR^nn) > |c|(i?„ - Ro - 1). 

Substituting (0) into the last inequality, we find that there exists some constant C3 
such that for n large enough, we have 

(12) Mx, E + ten) W^BR^nn) > C^rI^ - Uh^. 
Now it remains to invoke Lemma 2.1 and note that 

ImiiHv-E- ze„)- V, <P) > euMx, E + ^en)||i,(B«j 



for every n. Using the estimate ( jT^) and the relation between i?„ and e„, we find 

Im {{Hv -E- ^e„)- V, <P) > C.^-^ 
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for sufficiently small e„ The application of Lemma 2.2 now completes the proof. D 

Remarks. 1. Theorem 1.1 also holds for wider classes of potentials and boundary 
conditions. The restrictions of the classes come from Lemma 2.3, the necessary esti- 
mate on the energy norms. With the help of smooth moUifiers to justify integration 
by parts, Theorem 1.1 can be extended to the classes to which one can extend Lemma 
2.3. 

2. We also note that the same argument as in the proof implies that D°'fi'^{E) = oo 
if instead of (^ in the assumption of Theorem 1.2 we suppose that 

\immiR~°\\u(x,E)\\l =0. 
We will use this fact in the proof of Corollary 2.6 below. 



The next question that we would like to discuss is a sufficient condition for the 
existence of the various components of the spectrum. Let us recall the definition of 
Hausdorff measures and dimension. For a G [0, 1] and any S* C M, the a-dimensional 
Hausdorff measure of S is defined by 



r(5) = lini inf X^|/,r, 



(5— >0 (5— covers ' 

7=1 

where I^ are the intervals constituting the cover. The Hausdorff dimension of a set 
S is the infimum of all values of a such that h^i^S) = 0. First, we are going to prove 

Theorem 2.5. Let Hy be a Schrodinger operator, with V and O satisfying the same 
conditions as in Theorem 1.1. Suppose that for a measurable set S of positive /i" 
measure, for each E E S, there exists a non-trivial solution u{x, E) of the generalized 
eigenfunction equation (|I|) satisfying the boundary conditions such that 

liminf i?"°||M(x, E)|||„ < oo. 

Then there exists a vector (.p G L'^{R'^) such that fi'^{Si) > for any Si C S of 
positive /i" measure. In particular, if a = 1, we have absolutely continuous spectrum 
filling the set S. 

Remark. In many applications, particularly in one dimension, one applies a reasoning 
different from the one suggested by Theorem 2.5 to derive existence of various dimen- 
sional spectral components from results like Theorem 1.1. One proves the existence 
of solutions as in (2) for a.e. E, and then uses rank-one perturbation arguments (see, 

e.g., mm)- 



Proof. Recall that for every self-adjoint operator there is an associated spectral mea- 
sure of maximal type, /i, such that for every ip and any measurable set S, fJ<^{S) > 
implies fi{S) > 0. A vector x is of the maximal type if for any measurable set S, 
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/i^(S') > given that fi{S) > 0. We will show that for any 5*1 C S* of positive a- 
dimensional Hausdorff measure, there exists a vector ip with fi'^{Si) > 0. By the 
standard argument for the existence of vectors of maximal type (see e.g. 0), this 
would imply existence of the vector ip as in the theorem. Pick some ball Bji^ such 
that \\u{x,E)\\i2(^^^ ^^-j 7^ for energies E in a subset 5*2 of 5*1 of positive /i" mea- 
sure (it is easy to see that such a ball exists, because of the cr-additivity of h°'). We 
remark that for a wide class of operators Hy, an arbitrary ball will do because of 
the unique continuation (solutions u{x, E) cannot vanish identically on any ball), but 
there is no need to invoke these results. Pick a basis {'?/'„(x)}J^^ in the Hilbert space 
L'^{Br^ n Q). Since {ipn} forms a basis, for every E E S2 there exists an n such that 

'ipn{x)u{x, E) dx 7^ 0. 

Consider the functions D°'fi^'' on the set 5*2. By Theorem 1.1, for every E E S2 
there exists an n such that D°'fi^"-{E) > 0. In particular, by a-additivity of /i", there 
exists an no such that D°'ii^"o i^E) > for every ii^ in a set Sn^ C 6*2 of positive /i" 
measure. By the results of Rogers- Taylor theory (see [Q, Theorem 63), it follows 
that the measure /I'^'^o gives positive weight to the set S'„q, and hence to the set 
5*1. The case of the absolutely continuous spectrum corresponds to a = 1; in this 
case the application of Rogers- Taylor theory may be replaced by a well-known fact 
that a measure gives positive weight to a set of positive Lebesgue measure when its 
derivative is positive a.e. in this set. D 

From Theorem 2.5 (or, essentially, from its proof and the remark after the proof 
of Theorem 1.1) immediately follows: 

Corollary 2.6. For any a, the set S of energies E for which there exists a solution 
u{x, E) satisfying 

(13) limini R-'^\\u{x, E)\\l^ = 

R— >oo 

has zero /i" measure. 

Remark. The fact that there may be only countably many values of E (counting 
multiplicities) for which equation (||) has L^ solutions satisfying the boundary condi- 
tions, is an obvious consequence of the separability of the Hilbert space L^(f2). This 
corollary may be viewed as a less trivial generalization for slower rates of decay. 

Proof. Suppose that S has positive /i" measure. By the remark after the proof of 
Theorem 1.1, (^3|) implies that D°fi'^{E) = 00 for every E E S and finitely supported 
such that J u{x,E)(j){x) 7^ 0. Proceeding as in the proof of Theorem 2.5, we can 
find a vector if such that D"yu'^(£') = 00 for any E in some set of positive ha measure. 
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This is not possible by Rogers- Taylor (see |^, Theorem 67) and therefore gives a 
contradiction. We remark that for a = 1, this argument reduces to the well-known 
statement that a finite Borel measure n^ cannot have an infinite derivative on a set 
of positive Lebesgue measure. D 

We would like to end this section by drawing a link with the well-known results 



of Rellich |^^ and Kato [^ who showed, respectively, that for the free Laplacian 
and the Laplacian with a short-range perturbation (i.e., a potential which satisfies 
|V"(a;)| < C(l -|- Ixl)""^""), there are no solutions satisfying (plSf ) with a = 1 for any 
energy. Corollary 2.6 shows that for a much larger class of potentials, such solutions 
are still in some sense "exceptional" and can only occur on a set of energies of zero 
Lebesgue measure. 

3. Solutions and spectrum: Discrete case 

In this section, we consider discrete Schrodinger operators. All the results of the 
previous section extend to the discrete setting. In fact, the proofs are easier due to 
the absence of the Sobolev estimates issue, and there are no restrictions on potential. 
Let Q be some connected infinite domain in Z'^. We define the Schrodinger operator 
h^ on L^(fi) with Dirichlet boundary conditions by 

h^f{n)= Yl f{m) + v{n)f{n). 

\n—m\=l, ttiGQ 

It is easy to check that the operator defined in this way is self-adjoint. 

We need an analog of the Green's formula in the discrete setting. For any domain 
S C Z'^ let us denote by dS the set of points outside 5* which have a point of 5* within 
a unit distance. We have for any two functions /, g 

J2{hl!f{n)g{n)-f{n)h^g{n))=J2ifM E ^(0 - ^M E ^^ 

neS mf^dS \ leNs{m) l€Ns(m) 

where Nsim) denotes the set of neighbors of the point m G dS lying in 5* (so that 
\m — n\ = 1 for any n G Ns{m)). We will say therefore that the analog of the 
Wronskian over dS of two functions is, in the discrete setting, 

was[f,9]=Yl f/M E 9(1) -9{m) E /^ 

m&aS y leNs(m) l€Ns{m) 

For convenience, in all considerations for the discrete case, we replace the balls B^ 
with cubes Cr. The point n = (ni, . . . Ud) of the lattice belongs to Cr if and only if 
\ni\ < R for dA\ i = 1, . . . ,d. 

We now formulate and prove an analog of Theorem 1.1 in the discrete case. 
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Theorem 3.1. Suppose that there exists a solution u{n,E) of the generalized eigen- 
function equation 

(14) {h^-E)u{n,E)=0 

satisfying the Dirichlet boundary conditions on dQ. Suppose that for some a, < 
a < 1, we have 

(15) liminfi?*" V \u{n, E)]"^ dx < oo. 

neCRnn 

Fix some vector of compact support such that 

^M(n,E)0(n)^O. 

n 

Then we have 

L'V(^) > 0. 
In particular, ifu{no,E) ^ 0, then 

D"fi^"o (^E) > 0. 
{here Sng is a function equal to 1 at Uq and otherwise) . 



Proof. The argument repeats the proof of Theorem 1.1, except that we do not need 
Lemma 2.3. The analog of Lemma 2.4 is proven directly by the observation that 

waiQnCr) [f, g] = 'WdCr\dn [/, g] , 
and 

R 

22\^'="=^r\dn[f,g]\ < d\\f\\L^(^CR+inn)\\g\\L^CR+inn)- 

r=l 

n 

Remark. As in the continuous case, the result is also true for more general boundary 
conditions. 

We also have an analog of Theorem 2.5: 

Theorem 3.2. Suppose that for each energy E in some measurable set S of posi- 
tive /i° measure, there exists a non-trivial solution u{n, E) of equation (0) satisfying 
Dirichlet boundary conditions and having the property (p!5| ) . Then there exists a vec- 
tor G L'^ilJ^), such that jjf^^Si) > for any set Si C S of positive h^ measure. 
In particular, if a = 1, the set S is an essential support of the absolutely continuous 
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part of the measure ^"^ restricted to S. 

The proof of this theorem is the same as the proof of Theorem 2.5. 

4. Examples and discussion 

The purpose of this section is purely illustrative — to show where the solutions we are 
studying are known to occur. However, these observations will also partly lead us to 
the issue which is the topic of the next section: the relationships between generalized 
eigenf unctions, spectrum, and dynamics. In addition, we show that the criteria given 
by Theorems 1.1 and 3.1 are sufficient but not, in general, necessary for the positivity 
of the derivatives of spectral measures. We give an explicit example to confirm this 
statement. 

Our first remark is that solutions u{x^ E) satisfying 

\miirdR^^\\u{x,E)\\\ < oo 

exist for every energy E ^ in the spectrum in the case of the free Laplacian operator 
in W^ or in the cylinder with Dirichlet boundary conditions. In the cylinder case, we 
may take 

u{x, E) = exp{i^/E - EiXi)Zj{x2, ...Xd), 

where xi is the coordinate along the rotation axis, Ei is any eigenvalue (less then E) 
of the Laplace operator with Dirichlet boundary conditions on the d — 1-dimensional 
ball, and Zj{x2, ■ ■ ■ ,Xd) is any eigenfunction corresponding to this eigenvalue. In the 
free case, we can take any function 

u{x,E) =r-^+^J^{VEr)Yj(e), 

where Yj is any of the spherical harmonics corresponding to the eigenvalue Ei = l{l + 
d—2) of the Laplace-Beltrami operator on the rf- dimensional sphere, and J,y is a Bessel 
function (without singularity at the origin) with z/ defined by u"^ = /(Z+d— 2) + (| — 1)^. 
Note that for large r, 

MVEr) ~ Cr-^ cos (VSr - ^I^^^\ (i + ^(l)). 



See, for example, 0, ^ for more information on spherical harmonics and Bessel 
functions. 

Using the results of Agmon theory and related estimates on the Fourier trans- 
form (see [m or [Q, and 0), it is straightforward to show that the existence for 
every E G (0, oo) of solutions with the rate of growth of the L^ norm as in (^ 
with a = 1 extends to perturbations of the free Laplacian by short range potentials, 
|V^(x)| < C(l + |x|)^^^'^, if C is sufficiently small. In one dimension, it was recently 
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shown 1^, ^] that such solutions exist for a.e. E G (0, cxd) for any potential V satisfy- 
ing |^(x)| < C(l + |a;|)~2~^. This implies that the absolutely continuous spectrum of 
the free operator in one dimension is stable under all perturbations decaying at this 
rate. This result is optimal: there are potentials which satisfy |^(a;)| < C(l + |a;|)^2 
and lead to purely singular spectrum in (0, cxo). The corresponding question about 
the borderline decay for the stability of the absolutely continuous spectrum is open 
in higher dimensions, with any power in [1, i] a possible candidate, in principle. We 
conjecture 

Conjecture I. Suppose that Hy is a Schrodinger operator in M'^ for which \V{x)\ < 
C{1 + |a;|)~2~'^, e > 0. Then the absolutely continuous spectrum of the operator Hy 
fills the whole positive semi-axis. 

This conjecture would in particular follow from 

Conjecture II. Under the conditions of the previous conjecture, for a.e. E E (0, oo) 
there exists a solution u{x,E) of the generalized eigenfunction equation satisfying (^ 
with a = 1. 

Our next example concerns Schrodinger operators with periodic potentials. Let 
V{x) be a smooth periodic potential of period one in all variables xi, . . . ,Xd. Given 
E in the spectrum of Hy, consider the boundary value problem 

{Hy-E)b{x,E) = 0, 

d^b d^b 

(16) —^\^^=i=exp{z9i)—-r\^^=o, l = l,...d, j = 0,1. 
ox-j ox-j 

The set of all values of 6' G [0, 27r)'^ for which there exist solutions of the boundary 
value problem ([l^) is called the real (physical) Fermi surface Fe- From well-known re- 
sults on spectral properties of periodic differential operators (see ||2^), it follows that 
for all but a countable set of energies in the spectrum (exceptional points correspond- 
ing to band edges), we can find solutions u{x,E) of the generalized eigenfunction 
equation (|l|) of the following type: 

(17) u{x,E)= fb{x,9,E)-f{e)da, 

s 

where S C Fe is a piece of an analytic {d — l)-dimensional surface, 7(6^) is a C^{S)- 
function and b{x, 6, E) are Bloch functions satisfying (^) 

b{x, e, E) = exp{iex)f{x, 9, E), 



16 



A. KISELEV AND Y. LAST 



where f{x,6,E) is periodic with period one in all directions in x, continuous in x, 
and analytic (as an L'^{[0, 1^) vector) in 6* G S*. We claim that u{x,E) satisfies 



liminfi^-^lluCa;,^)!!^^^ < 



ij— >oo 



'^^IIBh 



oo. 



This can be shown in a way similar to the proof of this property in the case of Fourier 
transforms of measures supported on {d — l)-dimensional smooth surfaces (see 0). 
Represent the equation of the surface 5 as 6*^ = s{9i, . . . , 6d-\) (we can assume that 
5* is small enough and 6d is chosen so that this is possible). Then we can rewrite (|T^ 
as 

u{x, E)= I exp(z^V + is{d')xd)f{x, 9', E)i{d')dd', 

S' 

where the integration is now over the projection S' of S on the hyperplane 6d = 0, 
6' denotes first d — 1 coordinates, and 7' includes the Jacobian from the change of 
variables. Fix the value of Xd and integrate over the cube C^ in the other coordinates 

X Xi, . . . , Xd—l ■ 



2a^i 



|m(x, E)\ dx 




i{e')i{e')eM^{s{0') - s{e'))xd) 



C'n 



S' S' 



ex.p{i{e' - e')x')f{x', e', E)f{x, e\ e) dxde'de'. 



C' 



Without loss of generality, take R to be an integer. Then we obtain 



2j / 



\u{x, E)\ dx 



, /^sin(i?+i)(0, -^') , 




sm 



S' S' 



2V^J 



~Q': 



where 

^{Q'^d') = j'{9'W{9')expiz{si9')-sie'))xd) 

fix', 9', E)f{x\ 9', E) exp(i(^' - 9')x') dx' . 

Due to the properties of / and 7, the function if) is smooth and hence the right-hand 
side in (^) converges as i? -^ 00 to the constant 

/ \ 



C= f d9'^{9',9')= f d9'\i{9')\ 



\f{x',9'),E\Ux 



\ci 



J 
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Figure 1. The spiral domain 

Therefore integrating in Xd from — i? to R, we obtain 

\u{x,E)\'^dx<CR, 

Br 

as claimed. 

Our last example in this section shows that the criteria for the positivity of deriva- 
tives of spectral measures, given by Theorems 1.1 and 3.1, provide a sufficient, but, 
in general, not necessary condition. The example is especially simple and transpar- 
ent in the discrete setting. Let us consider the discrete plane Z^ and let Q be an 
infinite "spiral" in this plane (see Figure 1; we marked by x the points which do not 
belong to the domain). Consider h^ defined on the spiral with Dirichlet boundary 
conditions. By inspection, we see that Hq acts on l'^{Q) as a free one-dimensional 
Jacobi matrix. Hence the spectrum is absolutely continuous in [—2, 2], and for every 
E in this interval, there exists an explicitly computable unique solution u{n, E) of 
the generalized eigenfunction equation satisfying the boundary conditions: 

u{n, E) = sin I cos^^ I — In 

This is a standard discrete plane wave. If we measure the linear distance A^ along 
the spiral, the square of the /^ norm of this solution grows as A^. However in Z^, we 
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have 

Hence in this case, we cannot find solutions as in Theorem 1.1. 



We remark that ^^ contains an example of a hounded spiral "jelly roll" domain 
on which the Laplace operator with Neumann boundary conditions has absolutely 
continuous spectrum. In this case, for a.e. E in the spectrum, the norm of solutions 
becomes infinite for finite R. 

5. Solutions and dynamics 

In this section, we prove Theorem 1.2 and apply it to study quantum dynamics in 
the random decaying potentials model studied in [10| and more recently in |^, p7| . 



The previous section provided us with several examples of operators with absolutely 
continuous spectrum and solutions satisfying the condition (j^) in Theorem 1.1 for 
a = 1, and one example of an operator with absolutely continuous spectrum, but 
without such solutions. For the former three, the transport is ballistic for every 
vector (i.e., {{\X\'^))t ~ T™'); for the latter, it is easy to see that the transport is not 
ballistic (it is diffusive in 1?). Theorem 1.2 indicates that this is not a coincidence. 



The proof of Theorem 1.2 is an extension of the proof of Theorem 6.1 of |3^, and 
it is essentially the same in both the discrete and continuous settings. We will use 
a discrete notation which formally only covers the discrete case, but the continuous 
case follows from it in a totally straightforward manner (which essentially amounts 
to replacing n hy x and some summations by integrals). We note that in ||30[ the 



continuous case (Theorem 6.2 of [^) is getting an independent treatment, based on 
semi-group kernel inequalities. This is not needed here, since we assume the existence 
of eigenfunction expansions with suitable properties. This allows our Theorem 1.2 
to cover some cases, such as Stark operators, that are excluded from Theorem 6.2 of 



Recall that a measure jj, is called uniformly a-Holder continuous (denoted UaH) if 
there exists a constant C such that for every interval / with |/| < 1 we have 

(19) //(/)< C|/|". 

a-continuous measures (recall that this means measures giving zero weight to all sets 
of zero /i" measure) can be approximated by UaH measures in the following sense: 

Theorem (Rogers-Taylor [0). A finite Borel measure ^ onM. is a-continuous if 
and only if for every e > 0, there exist two mutually singular Borel measures ^\ and 
li\, such that fj, = fj,l + ii\, where ix\ is UaH and fJ,2(M) < e- 
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For UaH measures, we can study dynamics with the aid of the following Strichartz 
estimate: 



Theorem (Strichartz |^). Let n be a finite UaH measure, and for each f G 
L^(M, d/i) denote 

f n{t) = / exp{—ixt)f{x)dfi{x). 



Then there exists a constant Ci, depending only on fi {more precisely, only on C in 
(|T9|)), such that for any f G L^(R, d/x) and T > 

{\Ui?)T<c,\\frT-\ 

where ||/|| is the L^ norm of f . 
We now prove Theorem 1.2. 

Proof. Without loss of generality, assume HV'II = 1- We first establish the existence 
of a Borel set S G S, for which the following three properties are true: 
(i) IIP^^II > 0. 

(ii) The restriction of the spectral measure n^ to S is UaH. 

(iii) There exists a constant C2, such that for each E G S and R> 0, the correspond- 
ing generalized eigenfunction u{n, E) satisfies 



|n|<_R 



u{n, E)\^ < C2R"' . 



We shall establish (i)-(iii) in two stages. First, note that the function 

/(E) = sup i?-^ V |n(n,E)|2 
^>° |„i<i? 

is a measurable function of E, which, by @, is finite everywhere on S. Thus, since 
5* = [J'^^^{E G S I f{E) < k}, there is clearly a Borel subset Si C S of positive fi"^ 
measure and a constant C2, such that f{E) < C2 for any E E Si. That is, property 
(iii) holds for 5*1. Next, since the restriction of n^ to 5*1 is a-continuous, the above 
mentioned Rogers- Taylor theorem implies that there is a Borel subset S* C 5*1 of 
positive fi"^ measure (so property (i) holds) such that the restriction of fj,"^ to S is 
UaH (so property (ii) holds). 

Let us now denote ipi = Psi^, ^2 = -Pr\5^) where P. denotes the spectral projection 
over the corresponding set. Then ip = ipi ~^ "^2, and ipi, 1^2 are mutually orthogonal 
so 1 = ll'?/'!!^ = ll'^Aill^ + ||V'2p- Let Pr^ be the projector on the set of sites n with 
\n\ < Rt. Rt is a function of the time parameter T to be chosen later. Given any 
vector (y9, we will routinely use the notation ip{t) = exp{—ih^t)ip. 
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We have 



I^RtV'] 



\n\<RT 







')^ = E ^J J^M-^EtMn,E)df,^^{E) 



dt 



< CiT-" Y^ f \u{n,E)\^dfi^'{E) 



\n\<RT 



< Cill^ifsup J2 Hn,E)\'\T'- 



Ees 



\n\<RT 



by Strichartz theorem, and so 

(20) {\\PR,MtW)T < C2C1 11^1 fi?jT-". 

For each T > 0, we now define 



R 



■T 



^ II 2 ma \ 1/7 



6AC2C1 



such that we have 



and thus 



Since 
we obtain 



\Pn,Mt)r)T < ^-^ 



\PRMtW)T < {{\\PR,Mm + \\PRTMt)\\f), 



< (V{\\PRTMtW)T + 



') 



T 



< 



+ 



11^ 114 



-^ + \m? + iwuwM' 



< ll^2f + 2ll^if 



l-^ll^ll 



\PR,i^{t)r)T+m-pRr)i^itmT = i. 



:i-p^,Mt)iiv>^ii^if, 
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which imphes 

{{\xn)T > Iwhi'Rt = ^ {J^y^ T--"^ 

proving (H). D 

Note that the above proof does not attempt to provide optimal estimates. We could 
(by allowing various constants to grow) choose tpi to have a norm that is arbitrarily 
close to that of Psi^-, and Rt ~ T°'/'y go that (||(1 — PR^)il){t)\\'^)T is larger than 
something arbitrarily close to UPg^p. This means that there is a component of the 
wave packet of size corresponding to H-PsV'll that is spreading on average at a rate of 
at least T"/t. 

We now apply Theorem 1.2 to investigate dynamics for the following model. Let 
v^{n) be independent random variables such that 

(21) Eiy^in)) = 0, E{vM^)^ = ^^^^ and sup Mn)\ < Cn-^-^, 5 > 0. 

For example, if we take i.i.d. random variables a^{n) with uniform distribution in 
[—a/3, a/3], then Vijj{n) = Xn^^^a^^iji) satisfy all the conditions. The half-line random 
Schrodinger operators /i^ with, say, Dirichlet boundary conditions at zero and poten- 
tial Vf^ exhibit very rich spectral structure. Such operators where studied by Delyon, 
Simon, and Souillard [0, and more recently by Kotani and Ushiroya ||2^, and by 
Kiselev, Last, and Simon [^. Our study here is based mainly on the results of the 



last paper. In particular, the following has been proven in 



1 - 



Theorem (KLS [^). For alluo, the essential spectrum of h^ is [—2,2]. //|A| < 2 
then for a.e. uj, /i^ has purely singular continuous spectrum in {E \ \E\ < (4 — A^)2} 
and only dense pure point spectrum in {E \ (4 — A^)2 < \E\ < 2}. 
For a.e. uo and E G (—2, 2) 

(22) ,„„ log ||r.(„, 0)11 _ X' 



logn 8-2^2' 

and there exists an initial condition 9{uj) at zero such that 

log||T£;(n,0)Me(^)|| _ A^ 



(23) lim 

n^oo logn 8 — ZL"^ 

where U0(^u>) is the 2-vector corresponding to the boundary condition 9(uj) at 0, and 
TE{n,0) is the transfer matrix from to n at energy E. 
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This theorem imphes that for a.e. uj and E E (— V4 — A^, \/A — A^), the spectral 
measure fi (corresponding to the vector 6i) has local Hausdorff dimension 

4 _ /7'2 _ \2 

(24) aiE,X)= ^_^, 

at energy E, in the sense that for any e > 0, there is a 5 so that fi{A) = if A is a 
subset oi {E — 6,E + 6) of Hausdorff dimension less than a{E, A) — e, and there is a 
subset B of Hausdorff dimension less than a{E, A)+e such that ^{{E — 6, E+6)\B) = 
0. These properties of the spectral measure follow from ([2^), (|23|) by subordinacy 



theory |]I9|, ^. See p6[ for details. 

Remark. The KLS theorem also provides an example indicating that the criterion of 
Theorem 1.1 is optimal in the sense that one cannot, in general, say more by looking 
at the rate of growth of the L^ norm. Indeed, by (|22|), for a.e. u, all solutions u{n, E) 
for every energy E in the continuous spectrum satisfy 

R-''\\u{n,E)\\l^<C, 

for any 

and all R. In particular, for every p > 1 we can take A sufficiently small to ensure 
the existence of an interval Ip around E = Q such that for a.e. uj all solutions (and in 
particular the one obeying the boundary condition) satisfy 

R-P\\u{n,E)\\l^<C 

for E G Ip. Yet for a.e. E G /p, we have Dfi{E) = since the measure is purely 
singular. This shows that no condition of type @ with a > 1 leads in general to 
pointwise estimates on the derivatives of spectral measures. 

This remark sounds trivial in one dimension, but it is straightforward — using the 



analysis of jS^] for the continuous analog K;(x) of the family of random potentials we 
study — to give a similar example which works in any dimension (in the continuous 
case). Set Hy^ = —A + \Vuj{r) with spherically symmetric potential. Using spherical 
symmetry, one shows that the spectrum of Hy^ is purely singular with probability 
one. However, for every p > 1, there are solutions for a.e. u and all energies E 
sufficiently large such that (0) holds with a = p. 

The following theorem shows that as long as our operators h^ have some continuous 
spectrum (which may be of arbitrarily small dimension), their transport properties 
are arbitrarily close to ballistic. 

Theorem 5.1. Consider the family h^ of random Schrodinger operators defined on 
Z+ with potential \v^{n), where A < 2 and the potential satisfies (pT]). Then for a.e. 
UJ, for every ip such that Pc{uj)ip ^ {where Pc{uj) is the projector on the continuous 
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spectrum of the operator h^^) we have that for every e > and m > there is a 
positive constant C^^m,uj such that for any T > 

(25) {{\xrm,m))T > a,™,..r™(i-^). 

Proof. By the results of the Gilbert-Pearson theory, the spectral measure /i is sup- 
ported on the set of the energies E for which the decaying solution (p3D satisfies the 
boundary condition (namely, 0{uj) coincides with the Dirichlet boundary condition). 
Moreover, these decaying solutions, which we will denote by u{n,E), are exactly 
the generalized eigenfunctions in the sense of Theorem 1.2, if we normalize them by 
setting u{l,E) = 1. 

Fix uj such that the results of the KLS theorem hold. ( p3D implies that the gener- 
ahzed eigenfunctions u{n, E) of the operator h^ satisfy 

(26) limsupi?-^||M(n,E)|||^ < oo 

for every 7 > «(£', A) given by (0). Pick an open energy interval / = {Ei,E2) C 
(-V4- A2, V4- A2), such that ^ J, and /i'^(J) > 0. Let ai = a{Ei,X), 03 = 
a{E2,X). a{E,X) is monotone on /. Assume, without loss, that ai < 02- The 
restriction oi fi^ to / is ai-continuous, and by (p6|), limsup R'^'^Wu^n, E)\\'^^^ < 00 

R— >oo 

for any generalized eigenfunction u{n,E) with E & I. Thus, by Theorem 1.2, for 
each ?Ti > there is a constant Cm,i,uj such that for all T > 

{{\xrm,m))T>Cr,,j,^T—. 

Since Pc{uj)il! 7^ 0, we can clearly choose such an interval / with — > 1 — e and 
fi^{I) > 0. Thus, Theorem 5.1 follows. D 

Remark. By using an extension of the proof of Theorem 1.2, one can show that there 
is actually a component of the wave packet of size corresponding to ||Pc(i^)'?/'|| that is 
spreading on average at a rate which is arbitrarily close to ballistic. More explicitly, 
one can show that for a.e. u, for every e > and p > there exists a constant C^^^p^e 
such that if Rt = C^^p^^T^'", then 

(27) {WPn^mrw < \\^ - Pciujw + P- 

This easily yields Theorem 5.1 and is thus a stronger statement. 

Appendix 1. Generalizations 

The whole proof of Theorem 1.1 readily extends to more general settings. Namely, 
we can replace the operator Hy with general uniformly elliptic self-adjoint operator 
F such that 

T = {di- iMx))ai,{x){dk - lAkix)) + V{x) 
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provided that aik-, Ai and V are "nice enough" (for example, bounded and sufficiently 
smooth). The proof for this case is very similar. The Green's formula leads us to 
consider the following modified Wronskian: 



Was[f,g\ = / icos{n, xi)aikiidk - iAk)u)v - ucos{n,Xk)idi - iAi)aikv)d(j 

as 

It is clear that under our assumptions, the analog of Lemma 2.4 holds. The estimate 
of Lemma 2.3 also holds with the constant independent of R by the standard Sobolev 
estimates for bounded sufficiently smooth coefficients (see, e.g., ||13|, ^). The rest of 
the proof does not change. 

A similar remark applies to some higher order operators and systems. In particular, 
in one dimension, a self-adjoint half-line differential operator of order 2n is given by 
the expression 

and a set of self-adjoint boundary conditions at zero. The analog of the Wronskian 
in this case is determined by integration by parts: 

n j 
j=l m=l 

where all values are taken at the point x. The analog of the Sobolev estimates of 
Lemma 2.3 is now the claim that for a solution of {L — E)u = 0, 

II'^IIm/j-cbb) < C!\\u\\l2{Br+^) 

holds for m <2n — l. Such estimates (in fact for m < 2n) are well-known to hold for 
operators with bounded sufficiently smooth coefficients (see, e.g., l31|]). The analog 
of Lemma 2.4 follows directly from (|28|); the rest of the proof of Theorem 1.1 does 
not change. 

In particular, we have 

Theorem A.l. Let L denote the self-adjoint differential operator of order 2n with 
bounded sufficiently smooth {say, infinitely differentiable) coefficients. Suppose that 
for every E in a set S of positive Lebesgue measure, there exists a bounded solution 
u{x, E) of the generalized eigenfunction equation 

{L -E)u = 

satisfying the boundary conditions. Suppose that for a compactly supported function 
(p G L^, we have 

u{x, E)(j){x)dx 7^ 
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for a.e E E S. Then the absolutely continuous part of the spectral measure fi'^ fills S 
{so that /i'^(5'i) > for any Si C S of positive Lebesgue measure). 

Remark. Of course, we can also allow for which are not L^, but from the Sobolev 
space H^2{Hv), such as the 6 function and its derivatives up to 2n — 1, which are 
often used in the setting of one-dimensional differential operators. The spectral mea- 
sure is not finite in this case, but nothing else changes. 

Theorem A.l follows from the above discussion and proof of Theorem 2.5. This 
result may be viewed as a sort of an analog of |^T], ^ for the higher order case. It 
is typical, though, that our condition involves only one solution (||41, 42] requires all 



solutions to be bounded) because the possible multiplicity of the spectrum makes it 
unreasonable to demand all solutions to be bounded (in higher order cases) to get 
absolutely continuous spectrum. On the other hand, our result does not guarantee 
pure absolute continuity. 

Appendix 2. One-dimensional perturbed Stark operators 

In this appendix, we make a remark concerning dynamical properties of a certain 
class of perturbed Stark operators. We denote by Hy^s the operator defined on the 
whole axis by the differential expression 

— X + V [x). 



dx 



Our results are based on the theorem proved in p5|: 



Theorem. Suppose that |V^(a;)| < C(l + |x|)~3~^, or V is bounded and has a de- 
rivative V which is bounded and Holder continuous. Then the whole axis (— C)0, oo) 
is an essential support of the absolutely continuous part of the spectral measure fi. 
Moreover, for a.e. E G R, there exist two linearly independent solutions u±{x,E), 
such that 

_1 2 3 

u±{x, E) = x~^ exp(±i(-x2 + /±(x, E))){1 + o(l)) 

o 

as X -^ +00, where \f±{x, E)\ < C(l + x)~2. 

Stark operators do not fit into the framework provided by Theorem 1.1 because of 
the strong negative part of the potential (and resulting failure of Lemma 2.3). Indeed, 
for a.e. energy E here, we have a solution u{x,E) which satisfies R~2\\u{x,E)\\bii < 
C{E), which, if Theorem 1.1 were true, would imply Di^E) > a.e. E. It should 
be possible to prove an analog of Theorem 1.1 for some perturbed Stark operators 
taking into account that instead of the Sobolev estimates of Lemma 2.3, one rather 
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has 

l|V«i||, < CR\\u\\l^. 
However, the criterion of Theorem 1.2 apphes, giving immediately 

Theorem A. 2. Under the conditions of the previous theorem, for every vector ip 
with non-zero projection on the absolutely continuous subspace, we have 

{{\xrm,m))T>cT'^. 

We note that there are examples [Q of potentials V satisfying 

\Vix)\ <C(x)(l + |x|)-^ 

where C{x) tends to infinity as x -^ oo, but arbitrarily slowly, such that for a 
corresponding Stark operator, there is a dense set of eigenvalues embedded in the ab- 
solutely continuous spectrum. Theorem A. 2 shows that such potentials, nevertheless, 
do not slow down dynamics corresponding to the absolutely continuous component. 
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